W B : A More Advanced Model for GW Tests of the Kerr

Metric with Binary Black Holes

W A 3Rk
B Z: YIBR

£ b $3BE
1ESHUH: Cosimo Bambi B ORR: R

B . EBXF
SR HER: 2024 £ 5 H 20 H



&S NAR R

Cosimo Bambi #I #%
Swarnim Shashank 81 )5



Contents

List of Figures ii
Abstract iii
List of Symbols iv
Chapter 1 Introduction 1
Chapter 2 Review on PN and EOB Formalism 2
2.1 Post-Newtonian Formalism . . . . .. .. ... ... ......... 2
2.1.1 Einstein Field Equation . . . . . . ... ... ... ....... 3

2.1.2 Landau-Lifshitz Formulation . . . . . .. ... ... ...... 4

2.1.3  Solution of the Wave Equation . . . . .. ... ... ...... 6

2.1.4 Compact Binary Systems . . . . . ... ... .. ........ 7

2.1.5 Gravitational Radiation Reaction . . . . . ... .. ... .... 8

2.2 Effective One Body Formalism . . . . ... ... ........... 9
Chapter 3 Calculation of Effective Spin 12
3.1 QFTecalculation . . ... ... ... ... ... . . ... . . .... 12
3.2 EOBcalculation . . ... ... ... .. .. ... ... .. ..., 13

Chapter 4 Modification of the Constraints on KRZ Deformation Parameters 14

41 KRZMetric . . ... .. ... e 14
4.2 Further Calculation Process . . .. ... ... ............ 15
Chapter 5 Discussion and Conclusions 16
Bibliography 17

Acknowledgements 19



List of Figures

2-1 relative size of the source and gravitational waves . . . . . . . ... ..

2-2 integration domains for the retarded solution of the wave equation

il



Abstract

Gravitational wave observations of binary black holes provide a suitable arena to test
the fundamental properties of gravity in the strong-field regime. We intend to construct
a more accurate theoretical gravitational wave model to include black hole spins to test
the Kerr hypothesis. After reviews on the post-Newtonian formalism and the effective
one-body formalism, we discuss the application of these methods for the calculations
of effective spin and figure out the exact calculation process. Finally, we outline the
further calculation process to obtain the modified constraints on KRZ metric.
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Chapter 1

Introduction

The general theory of relativity, since its proposition over a century ago, has been ap-
plied to a variety of astrophysical phenomena in our Universe. While it has been suc-
cessfully tested in the weak-fields, only recently the strong-field predictions of Einstein’
s gravity have become testable in a variety of ways.['],

Among all the astrophysical objects, black hole is a perfect candidate to study strong-
field gravity. In general relativity, the solution to Einstein’s field equation of the black
hole is the Kerr metric, in which the black hole is characterized only by its mass and
spin'?!. The assumption that astrophysical black holes are described by the Kerr met-
ric is known as the Kerr hypothesis!®!. We can test the Kerr hypothesis to test feneral
relativity. By introducing additional parameters, people can obtain the parameterized
metrics deforming the black hole away from the Kerr solution. Through measuring
these parameters and comparing them with the Kerr metric, the validity of general rel-
ativity can then be confirmed if the parameterized metric converges to the Kerr metric
in measurement. In this sense, accurate models and high-quality data are the key to the
test.

In this thesis, we introduce the basic knowledge one needs to study gravitational
waves and propose a strategy to include spin effect into the modeling of gravitational
waves, which has not been done before. We adopt the KRZ metric!*! as the parameter-
ized deforming metric.

The contents are arranged as follows. Chapter 2 reviews the post-Newtonian (PN)
and effective one-body (EOB) formalism which is useful in gravitational wave analysis.
Chapter 3 summarizes previous works on effective spin calculations and figures out the
exact calculation process of the effective spin. Chapter 4 introduces the KRZ metric and
describes the further calculation strategy. Chapter 5 has a discussion on the problems in
working toward the effective deformation parameters, which is in our initial envision.



Chapter 2

Review on PN and EOB Formalism

2.1 Post-Newtonian Formalism

The post-Newtonian formalism is an approximation method to solve the Einstein’s field
equation. It focuses on solving the problem of an isolated and self-gravitating system,
where the objects inside are slowly moving and weakly pressed. The domain of its
validity is limited to the near zone of the source - the region surrounding the source that
is of small extent with respect to the wavelength of the gravitational waves.

Figure 2-1 relative size of the source and gravitational waves

The post-Newtonian approximation has been developed from the early days of gen-
eral relativity 1. It successfully gives answers to the problems of motion and gravita-
tional radiation of systems of compact objects!®!. Three crucial applications are:

1. The motion of N point-like objects at the first post-Newtonian approximation
level is taken into account to describe the solar system dynamics;

2. The gravitational radiation reaction force has been experimentally verified by the
observation of the secular acceleration of the orbital motion of the Hulse-Taylor binary
pulsar PSR 1913+16;

3. The analysis of gravitational waves emitted by inspiralling compact binaries
needs the prior results of the equation of motion and radiation field up to very high
post-Newtonian order.

Since post-Newtonian approximation is only valid in the near zone, it is as a conse-
quence that the post-Newtonian expansion(nonlinear 1/c-expansion) cannot incorporate
the boundary conditions at infinity, which determine the radiation reaction force in the
source’s local equation of motion.

The accuracy of the post-Newtonian approximation is often described in terms of the
post-Newtonian order, whose abbreviation is the PN order. Its characteristic parameter
1s € which reads
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I B 2.1
2 2 pc? 1)

where U 1is the gravity potential, v is the particle velocity inside the source, p is pressure
and p is the matter density.

When we refer to the action .S at nPN order, we are required to evaluate the metric
coefficients to the following orders of approximation

00 ~ O(6n+l)
o; ~ O("7) 2.2
gij ~ O(e)

The order needs to descend because of the additional factors of v/c in the action

2 2
dr® drP
S=-m? | dr=- \/— drtdr? 4,
mc/1 T mc/ Bap T
viv/
= —mc / \/—goo 2goj i C dt

where the action functional is the elapsed proper time / 12 dt along a parameterized
curve r*(r) linking the fixed events 1 and 2.

This section is a rough sketch of the post-Newtonian theory. For more details, see
references [®! 71181,

(2.3)

2.1.1 Einstein Field Equation

The dynamics of the gravitational field is described by the Einstein field equation, which
can be obtained by varying the action .S with respect to the spacetime metric g,,,

3
- _¢ 4r/=
= 167rG/d xy/—gR+ S,l¥.8,,] 2.4)

The first term in S is the Einstein-Hilbert action of the spacetime curvature. d “x\/—g
is the invariant scalar volume, R = g"* R, is the curvature scalar with R, the Ricci
tensor. Notice that Rienmann tensor and Ricci tensor are defined respectively as follows,

R),=0,I} —o, I} + T2 —T5T}, (2.5)
_ pA
R, =R, (2.6)

The second term in Sgy 1s the action of the matter source with ¥ representing the
matter field.

When the metric has a small change 6g,,, the variation of the action can be written
as

0S8 =4S,

d*x\/—gé "G, 2.7
16 G YVTEo8 27

where S is a redefined action by adding a boundary term to Sg i and G, is the Einstein

tensor

1
Guv =R, - EgﬂvR. (2.8)
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After dealing with the variation of the curvature part, we now carefully consider the
matter action. Since the matter action is defined as

Spl?, 8,1 = / d*x%,(¥,0¥,8,,), (2.9)

we can get the variation of .S, with respect to g, which is

0%, 1 v
58, = /d4xag mégﬂv = E/d“x\/—gT” 08,y (2.10)

uv

Thus we can define the stress-energy of the matter field
2 0%,
v/ —8 agyv '

Due to the least action principle, we can impose the condition 6.5 = 0 to equation
(2.7) and combine it with equation (2.10). Finally, we acquire the famous Einstein field
equation

T =

@2.11)

G = m—’iGTW, (2.12)
C

which is the equation of motion of matter fields.

2.1.2 Landau-Lifshitz Formulation

After constructing the Einstein field equation, we will move to rewrite it in a explicitly
solvable form. Therefore we introduce the Landau-Lifshitz formulation of the field
equation, transforming it to a formal wave equation.

In this framework, the main variable is the gothic inverse metric density

g" =4/—gg"". (2.13)

Knowledge of the gothic metric is sufficient to determine the metric itself due to the
relation
det(g"") = g. (2.14)

Then we define a new tensor density H**#¥ to build the left-hand side of the field

equation.
Hayﬁv = gaﬁgﬂv _ gll\/gﬁll (215)

It turns out that H**#" satisfy the identity containing its partial derivative

16JZ'G aﬁ

0, H* " = —g(2G* + ) (2.16)

where G*? is the Einstein tensor and

o
1 A

9 .a*vo ak?
167G 787 810,808

— g 'g,,0,870,8"" — gP1g,,,0,6770,6" + g;,8"70,8"4 0,87  (2.17)

(-t = [0,8"70,8™ — 0,8"%0,8"" +

+ = <2g“ P — g% g )28, 8 r = 8p68ye)0;8"70,8"]
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defines the Landau-Lifshitz pseudotensor, which represents the distribution of gravitational-
field energy. Substituting the Einstein’s equation (2.12) into equation (2.15), we obtain

167G

pv — by P
O HHT = == (=)™ + 1] (2.18)

)

Because of the antisymmetry of H**#" in the last pair of indices, we have the fol-
lowing trivial identity
g, H*PY = 0. (2.19)

Combining this identity with equation (2.18), the conservation equations for the total
energy-momentum pseudotensor come out as a consequence.

5l—g(T™ + 1)1 =0 (2.20)
These equations are equivalent to the usual expression
v, T =0. (2.21)

This is an exact reformulation of the standard form of the theory with no approxi-
mation involved and no restriction imposed on the choice of coordinates.

In the next step, we will choose a specific gauge by adding the harmonic gauge
conditions

0ﬁg“ﬁ =0. (2.22)

After introducing the potentials
hP = yb — g, (2.23)

these gauge conditions become
dsh™’ = 0. (2.24)

The introduction of the potentials 4** and the harmonic gauge conditions largely
simplifies the appearance of the Einstein field equations. It is easy to verify that

0, H**P" = -0On*? + h*¥o,,h*? — 9,h™ 0, h"", (2.25)
where the [ is the flat spacetime wave operator
O=n"",, (2.26)

Plugging (2.25) into (2.18) and keeping only the wave operator on the left-hand side,
we get the formal wave equation for the potentials h%”

. 167L'G1_aﬂ’

af __
Lh*’ = o

(2.27)
where 7%/ is the effective energy-momentum pseudotensor for the wave equation.
f=_ By b B
W = —g(T + 1, +1ty) (2.28)

af _ C'4

H = 162G

(-8t (0,h™0,hP* — "9, hP) (2.29)



Chapter 2 Review on PN and EOB Formalism 2.1 Post-Newtonian Formalism

2.1.3 Solution of the Wave Equation

Through previous work, we obtain the relaxed Einstein field equation (2.27), which is
independent by itself without imposing any gauge conditions. This is a formal wave
equation with a source. So we can immediately write its formal solution out

e — BX1
B (e = 29 / 3’ < ' (2.30)
c |x — x|

The domain of integration extends over the past light cone 4'(x) of the field point x =
(ct,x). Notice that x" is the matter source point.

To analyse the solution structure, we partition the integration domain into two parts
- the near-zone domain ./"(x) and the wave zone domain % (x).Therefore we can write

h*P(x) = h* (x) + K5} (x) 231)

The magnitude of the boundary radius R of the near zone and the wave zone is of the
same order as the characteristic wavelength A, of the radiation emitted by the source.
For slowly moving source, 4. is way larger than the characteristic size a of the material
source, as is shown in Fig.2-1. Thus, the potential behaves very differently in the near
zone and the wave zone as a result of the comparison of the retarded time variable.

In spacetime, the sphere of radius R traces a near-zone world tube &. Then the near
zone .4 (x) is the intersection between %' (x) and . And the wave zone is € (x)- 4" (x).
The specific integration domains are shown in Fig.2-2.

Figure 2-2 integration domains for the retarded solution of the wave equation
Because of the nonlinearity of gravity, ti”i and t(;f are not confined to the near
zone. Special integrals must be used to perform the integrals over #/, but for most
physical systems of interest the wave-zone integrals generate higher order corrections
to the dominant terms, which comes from the near-zone integrals. So we now only care
about the term h;ﬂ/(x).
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When the field point is situated in the wave zone, we figure out the Taylor expansion

of the variable r = |x — x'| in h;ﬂ (x) about X’ = 0 since x’ lies within the near zone
and r > R. The result is

2 (1,x) = ‘i_f Y ! l') aL[%/ (= L xOx (2.32)
=0 4

where the integration domain . is a surface of constant time equal to the retarded-
time variable 7, = ¢ — r/c. Notice that L is a multi-index notation and x stands for
/120301 = xJ1xJ25J3 ... xJ1 Tt is the same with notation d;r. Inr — oo limit, Equation
(2.32) is approximated to

aﬁ (- 1)1 af r i 'L 331 1
h*( c4r2 L= XN+ 0(3)

(2.33)

4G 1 dl afr. _ r i rL g3 1 1
c4r2W v ), (1, =1 = X WEd +0(3).

Next we evaluate hoifi(x) when x is situated in the near zone. In this sense, both x
and x’ lie in the near zone, for which r = |x — x| can be treated as a small quantity.
In this situation, the difference between the retarded time ¢, and the time of the field
point ¢ is so small that we can deem them as the same. So after Taylor expanding the
time-dependence of the source, we get the result

I}
5 1 x 4G2( 1)( )1 / 2B x )y By (2.34)
M

¢!

where the domain of integration ./ is a surface of constant time 7.

Above all is the formal solution of the wave equation (2.27). We should notice
that the equation is not solved actually because h%® appears in both sides. In order to
construct solutions for a particular choice of matter variables, we proceed by iterations-
plugging the result of 4/ in the last step into the integral in the right-hand side, solving
the new wave equation to get new result of 2%/ for the next iteration. In the zeroth
iteration, we set the initial hgﬁ to be 0. One continues iterating until the desired precision
is reached.

2.1.4 Compact Binary Systems

Before considering the compact binary system, we first introduce a general situation in
which the matter source is composed of N point-like particles.
The matter action can be written as

=Z—mA/dTA

A

=Z—mA/dt —(gW)AU’/:UZ1
A

where A denotes the N particles. Substituting this matter action into formula (2.10) and
(2.11), we get the specific form of the energy-momentum tensor of this source. Then the

(2.35)
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Einstein field equation is constructed. The Fokker action is obtained by inserting back
into an explicit PN iterated solution of the field equations (2.27), given as an explicit
PN metric g,,(X; ¥ g, V. Pl

Selyg(®),vp(),...] =/a’t/d3x$[§w(x;y3(t),vB(t),...)]
_ZmA/a’t\/—gw(yA;yB,vB,...)viuf4
A

Then when N = 2, the system reduces to a compact binary system. And we can use
the Fokker action to derive the corresponding equation of motions and other physical
quantities.

(2.36)

2.1.5 Gravitational Radiation Reaction

Gravitational radiation reaction is the reason for the loss of energy, momentum and an-
gular momentum in the original matter source dynamical system. There is an additional
radiation reaction force F,,,. to the post-Newtonian Euler equation of hydrodynamics.
P = —0'p+ pd'U + F,,,, (2.37)

Notice that U is the gravitational potential in Poisson’s equation and the radiation reac-
tion force starts at the 2.5PN order and is related to the gravitational radiation.

Before we talk about the radiation reaction dissipative effect, we first neglect this
effect and illustrate the conservative dynamics. We focus on the compact binary system.
In the PN solution process, we define a scalar potential V':

OV = —4zGeo, (2.38)
00 ii
=L +T° CJ; T~ (2.39)

The formal solution of this equation reads

3.7 R
V(t,x) = / |Xd—xx’|6(t_ Ix — L, (2.40)

which is a retarded potential. If we only keep the conservative part, we can write it as
follows,

V= (A‘1+la—2A‘2+ia—4A‘3+ [—4rG(f, (X —y,)+ [l 6(x—y,))] (2.41)
2 or? ¢4 ort H e : '

U2

\/ NCMITAN

Now we consider the radiation part. We should notice that there is a retarded time
variable in the scalar potential in Equation (2.40). So when we calculate the expansion

(2.42)

ﬁA=
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of the iteration from the retarded integral, we obtain

1 0°

V(t,x) = A_l(—47m) + 1d d>x'o(t,x') + ——A_z(—47w)
cdt c2 or?
L (2.43)
+ S / Bx'|x —x' 2ot x') + ...
c

Subtracting the conservative parts which are all the even-PN terms and inserting the
mass conservation condition which cancels the second term, we finally obtain the lead-
ing radiation reaction term, the fourth term. We denote this term as

_ G i ia® 1
I/reac(t’ X) = —gx X QU (t) + 0(0_7) (244)
The quadrupole moment in it is defined by

_ 3 1o 2
Q;;(t) = / d X’p(x’)(xl{x} — §5in’ ), (2.45)
and the up-left script (n) denotes the nth order of its time derivative.

Then we can evaluate the radiation reaction force by

I;vireac — paineac

_ 26 i 1
= =250} 0+ 0().

(2.46)

Applying the energy balance equation and plugging in the Equation(2.46), we get

dE :/d3xviFireac

dt
2G »
- __SCSQS.)(t) / d>xpx/v

pa (2.47)
= - 50,/ 00,0
_ G 3,03 4df
s
G
f= g(Q,(-})Q,(;D - 070, (2.48)

where f corresponds to the secular effect. For secular quasi-periodic sources, the time
average of d f/dt is negligible, compared to the energy flux. So we time-average the last
line in Equation(2.47) and ignore the second term to get the famous quadrapole formula

(4) & {001,

where ( F) denotes the average of function F over time.

2.2 Effective One Body Formalism

In this part we will briefly outline the main features and processes of the effective one-
body approach for two body problems. For more technical details, see reference

9

(107 [117[12]
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The main idea of this approach is to transform the two-body dynamics into an ef-
fective one-body system in which we only need to consider the motion of a test par-
ticle in some effective external metric. If we do not count in the radiation reaction
effect, the effective metric will be a static and spherically symmetric deformation of the
Schwarzschild metric.

When the two objects have comparable masses m;, m,, the one-body dynamics of
them will be one particle of reduced mass y = % moving in some effective metric

generated by the total mass M = m| + m,,

D(R, /)
2 _ 2.2 eff 2 2 2 . 2 2
dseff = _A(Reff)c dteff+A(R—eff)dReff+Reff(d0eff+sm eeffdd)eff) (250)

where
ay a as
AR =1+ ——+—=+ :
(B) c2R ¢4  C¢OR3 751
d, d (2.51)
DR)=14+—+ .
(B) c2R  c*R?

We use the explicit, post-Newtonian expanded classical equations of motion of

a gravitationally interacting system of two compact objects in harmonic coordinates,
which have the form

a, = A" (zy,vy) + AF(zy, Vp), (2.52)

where A°“" denotes the time-symmetric part of the equations of motion, which means
it is conservative. And A"°“¢ is the time-antisymmetric part, corresponding to the radi-
ation reaction effects. They can all be post-Newtonian expanded. z,, v,, a, represents
the positions, velocities and accelerations of the two bodies in harmonic coordinates.
We first focus on the conservative part A°®”. Since it has been explicitly shown that
the 3PN dynamics is Poincaré invariant!'?!| we can go to the center of mass frame and
transform the two-body problem to an effective one. After a coordinate transformation
from harmonic coordinates z, to ADM coordianates q,, [14] , the dynamics of the relative
coordinates q = q; — q, is defined by a 3PN Hamiltonian H(q, p). Then we use the
unique effective metric defined in Equation(2.50) to get the effctive Hamiltonian

Hepr@esysPess) == / pedseyy. (2.53)

After this, we perform a canonical transformation (q, s s, P, ) — (g, p) and an energy
transformation H = f(H, ;) corresponding to an energy-dependent canonical rescal-
ing of the time coordinate

diesr _ dH 2.54)
dt dH, s/ '
Notice that for up-to 3PN Hamiltonian, the energy mapping relation would be!!”!
H H? —m?c* — m2c?
eff 1 2 (2.55)

pc? 2m myc*

Finally the effective Hamiltonian can be mapped onto the real Hamiltonian and we can
figure out the parameters in the defination of the effective metric.

10
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We can include the radiation reaction effect at 2.5PN order which is well-defined,
although till now the separation of the dynamics in a conservative part plus a reactive
part has not been proved at higher PN orders. By adding a reactive Hamiltonian H,,,,
to the previous Hamiltonian, the real Hamiltonian can be thus improved.

Py Pl 4 - d)d - )
H QD) = R ([ 2L+ 222G 2] (256
reac(ql q2, P pZ) ij ()[2m1 2m2 2 mymy |ql _ |q2|3 ] ( )
where 4G
TTreac __aG 03
h;; () = 5CSQ,-J- ®) (2.57)

and Q;;(7) is the quadrupole moment of the two-body system.

The effective one-body formalism is a good non-perturbative re-summation of the
standard post-Newtonian-expanded results. It gives a simple way to uplift the precision
of many PN-expanded results. The explicit results can be found in references!'®. The
two-body system we talked above has neglected the spin of the two objects and only
cared about the orbital dynamics of the system. If the spins are included, the Hamilto-
nian will be refined and the accuracy can also be raised. In this paper, we only focus
on the leading order linear term of spin effect and leave out the non-linear term. To
consider the non-linear term, see references 71 1181 1191

11



Chapter 3

Calculation of Effective Spin

3.1 QFT calculation

The method of using quantum field theory (QFT) of general relativity to include spin
effects into the gravitational two-body problem is derived mainly by B.M.Barker and
R.F.O’Connell in references [?" 2111221

They considered the one-graviton exchange interaction of two particles of spin %,
calculated the scattering matrix element in the center of mass system and transformed
the Dirac spinors into the Pauli spinors. After all these operations, they successfully
got the gravity potential V' (k) in momentum space from the matrix element. Then they
Fourier-transformed V' (K) into the position space and took the nonrelativistic approxi-
mation to finally get

Gmm 3m 3m 2
V)= — 2y g 2 2y P
r 2my,  2my mlmzc2
2 3m 3m
4 AEGR M s
C2 8m1 8m2
Gh? 3(c)-1)(0; 1) 3.1
4¢2r3 r e G-b
2nGh?

+ 3c2 (G] . 0'2)5(1’)

B N L O S C e B By S
—_— —S)ho, - (r —_— —)ho, - (r .
c2r3 4m," ! c2r 4m,” 2

The last line is gravitational potentials linear to spin. Taking %hal - S, %haz - S,
we have

2G 3m,
Ve =—({0+—)S, - rxP), 32
5= 2+ 8 (e xP) (32)
2G 3m1
Ve = —(1+—)S, - P). 3.3
5= a0+ g8 X P) (33)

Thus, the spin-dependent terms in the center of mass frame at the lowest PN order have
been explicitly derived,

1
H{N(x,P,8,,8)) =V + Vg, + 0()
(3.4)

2G 3m2 3m1
=—[(1+—)S 1+—)S,]- P).
Sl 28+ (1 bS] (rx P

12
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3.2 EOB calculation

After working out the linear terms in spin effect, people use the effective one-body

(EOB) formalism to relate the result above to the effective spin S,/ ; in the effective

one-body system >

The effective one-body dynamics at 3PN order was given by an Hamilton-Jacobi
equation

W+ g8 b b+ 0,0y =0, (3.5)
where gjjlj 7 is the effective metric and Q4(pef 7Y is the additional quartic-in-momenta
contribution.

Define
0i 0i
_ 1 i Berr i g geffgeff

a = —00 ﬁ = —00 Y eff —00 . (36)

\ =&y Eers bers

which is equivalent to

g0 = 1 g0 = B PP

8eff =7 n SeffT g Serr TV T o 3.7

Notice that the conserved effective energy is E, ;, = — p =95

s
After plugging the redefined metric parameters into Equation (3.5) and dropping the
“eff”” label on position and momentum variables for convenience, it is reduced to

(Eofy — B'p) = &[4 + v pip; + Qu(p)]. 3.8)

Then the effective Hamiltonian reads

Eeff = Heff(x’ P, ) = ﬁipi + a\/ﬂz + )/’/p,pj + Q4(p) (39)

At the lowest PN order, the addition of a spin .S, s  onto an initially spherical sym-
metric metric leads to an off-diagonal term in the metric

i - 2G
Pl =g o gy = Z2elhs ot (3.10)

Inserting this term in Equation (3.9) and PN-expanding it yields

2G o 2G
5Sefereal ﬂpz €lj plSeff Wseff '(XXP). (3.1D)

Comparing with Equation (3.4) we can obtain the specific spin transformation relation
in the leading PN order

Serp =1+ 3—)51 +(1+ 3—)52 (3.12)

13



Chapter 4

Modification of the Constraints on KRZ
Deformation Parameters

4.1 KRZ Metric

After obtaining the effective spin, we now take it in to account and turn to constrain the
KRZ deformation parameters. The KRZ metric can be written in the following form in
the Boyer-Lindquist coordinates!"! 41,

2 22 2
ds? = N 111/2 SN0 12 4 232 42 + Zr2d0% — 2W rsin®0did + K2 sin*0d >,
4.1
where
2 3
7, €Nt r 51}"
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Chapter 4 Modification of the Constraints on KRZ Deformatiod.Bardrnetbey Calculation Process

Notice that M 1is the black hole mass, r( is the radius of the black hole’s event horizon
and a, = # is the dimensionless black hole spin parameter where J is the black hole
spin.

The deformation parameters {d;, 9, ..., 6} quantifies deviations from the Kerr met-
ric. The physical interpretations of these parameters are listed below: §; evaluates the
deformations on g,; &,, 65 evaluate the rotational deformations; é,, 65 evaluate the de-
formations on g,,; o evaluates the deformations on the event horizon. When all the
deformation parameters are set to zero, the KRZ metric will reduce to the Kerr metric.

4.2 Further Calculation Process

The work we need to do now is to take the KRZ metric as the effective metric, calcu-
late the effective one-body waveform and finally obtain the constraints on deformation
parameters when the spins of the two black hole are under consideration.

For simplicity, we only take ¢, into consideration and set all other deformation pa-
rameters to be zero. We study the inspiral phase of the gravitational waves emitted by
the black hole binary systems, so the equatorial geodesics conditions 6§ = % andd =0
are imposed. Since the KRZ metric is the effective metric, M in previous formula is
then equal to the total mass of the binary system M = m; + m,. Assuming two black
holes have aligned spins and setting J = .S, s », we can just follow the analysis proposed

in the reference!**!. Due to the limit of time for this thesis, we only present what to do
here and leave the calculation for future works.
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Chapter 5

Discussion and Conclusions

This graduation thesis sketches out the acquired knowledge for studying gravitational
waves and proposes a feasible calculation strategy to include the black hole spin into the
gravitational wave analysis. We review the PN and EOB formalism which is fundamen-
tal tools in gravitational wave analysis. Then through summarizing people’s previous
works on spins, we find out the exact calculation process for the effective spin. Finally,
we figure out how to develop a more advanced model for gravitational tests of the Kerr
metric with binary black holes. The further work is to do the calculations. When the
calculation is done, the model for gravitational wave tests can be more accurate.

Here, I want to discuss a little bit about the deformation parameters. The original
goal of this thesis is to figure out the effective deformation parameters of the black hole
binary systems through the effective one-body formalism, which shall follow the same
calculation process of the effective spin in our initial envision.

However, the exact form of the effective spin is obtained through quantum field
theory of gravity which we do not know much about. Resorting back to the effective one-
body approach also seems not very wise since there is no transformation function for the
metric like that for energy, turning them into an effective one from originally separated
twos. The effective metric is assumed at start. Even though we could have performed
the effective one-body metric transformation on the binary system, we would not obtain
the exact form of the transformation relation since the QFT method is indispensable in
the effective spin calculation. The EOB formalism only contributes partially.

In conclusion, including the black hole spin into gravitational testing model is fea-
sible for us now. As for the deformation parameters, the analysis may need more new
methods since they correspond to higher orders of the multipole moments of the black
hole source! .
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